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Sound velocity, effective Debye temperature and

pseudo-Grüneisen parameters of Pb–Sn mixtures

at elevated temperatures
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Sound velocity and allied parameters, effective Debye temperature and pseudo-Grüneisen
parameter for Pb–Sn molten binary mixture have been studied theoretically over a wide range
of temperature and composition. An interaction study has also been made in the present
context by computing excess pseudo-Grüneisen parameter which is a measure of the extent of
molecular interaction involved in the liquid mixture. Effect of temperature on intermolecular
free length has been studied with the help of free length theory of Jacobson.

Keywords: Molten binary mixture; Grüneisen parameters; Sound velocity

1. Introduction

Successful attempts have been made by a number of workers [1–12] on the measure-
ments and theoretical prediction of sound velocity, effective Debye temperature and
pseudo-Grüneisen parameter in liquid mixtures using various liquid models. However,
there are only a few measurements of sound velocity of liquid binary mixtures [13].
The study of atomic motions in liquids plays a very significant role in understanding the
solid-like behaviour of liquids. But unfortunately, no successful theory is yet available
to explain such complicated behaviour of liquids. The dynamical behaviour of liquids
can be studied by the accurate measurements of the energy changes due to the
scattering. This technique was further used by Hughee et al. [9] and Frenkel [8]. Joshi [6]
and Singwi and Sjalander [7] evaluated the Debye temperature of water at a particular
temperature, in good agreement with the values given by Singwi et al. [7]. Such types of
calculation have recently been extended to other liquids [5] assuming the atomic
motions in these liquids are similar to those of solids.

In the theory of lattice dynamics, a diagnostic parameter found to be very useful in
the study of the thermodynamics and related properties of crystalline lattices was the
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Grüneisen parameter [14]. Knopoff and Shapiro [10], using its pseudo counterpart,

extended its use in the study of liquids. Since then, it has become an important tool in

estimating the internal structures, clustering phenomenon and other quasi-crystalline

properties of liquids [15–16].
In the present investigation, sound velocity and allied parameters have been predicted

theoretically for a Pb–Sn molten binary mixture with the help of the collision

factor theory due to Schaaff [17] and the free length theory due to Jacobson [18] at

elevated temperatures over a wide range of composition. Successful attempts using

Flory theory [19,20] have been employed to evaluate the pseudo-Grüneisen parameter

of the pure metals together with the binary molten mixture and normal alkane

quaternary liquid mixture for estimating the structural changes during mixing. With

the use of ultrasonic absorption data, effective Debye temperature of the mixture

Pb–Sn have been evaluated as a function of temperature assuming the quasi-crystalline

model for liquids over a wide range of composition. An interaction study has

also been made in the present context. The validity of these theories lies on the fact

that there is a good agreement between experimental and theoretical values of sound

velocity.

2. Theoretical

Schaaff developed the following expression for evaluating the sound velocity in pure

liquids which in turn has been extended by Nutseh Kuhnkies [21] for binary liquid

mixtures

Um ¼ U1Smrfm ð1Þ

where U1¼ 1600m s�1, Sm is the collision factor and rfm is the space filling factor of the

liquid mixture respectively. The latter can be obtained by the relation

rfm ¼
Bm

Vm
ð2Þ

where Bm is the actual volume/mole and Vm is the molar volume of the liquid mixture.
The actual volume of the liquid mixture is given by the expression

Bm ¼
3

4
�r3mN ð3Þ

where rm is molecular radius and N is Avogadro’s number. The volume associated with

the molecular radius can be obtained from the formula given by Schaaff and Gopala

Rao [22].
According to Eyring et al. [23], the intermolecular free length is given by the relation

Lf ¼
2Va

y
ð4Þ

where Va is the available molar volume, equal to Va¼Vt�Vo. Here Vt and Vo denote

the molar volumes at absolute temperature and at absolute zero respectively, at a

particular pressure while y is the surface area mole�1. These quantities V0 and y can be
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expressed as follows,

V0 ¼ VT 1�
T

Tc

� �0:3

and y ¼ ð36�NV2
0Þ

1=3
ð5Þ

The effective Debye temperature � can be evaluated by using the following

expression [24]

� ¼
h

k

9N=4�V

1=U3
‘

� �
þ 2=U3

t

� �
" #1=3

ð6Þ

where U‘ and Ut are the propagation velocities for longitudinal and transverse modes

respectively. V, the molar volume and h, k and N are respectively the Planck’s constant,

Boltzmann’s constant and Avogadro’s number.
The two wave velocities may be expressed in terms of density (�), the instantaneous

adiabatic compressibility (�a,1) and Poisson’s ratio (�), for liquids exhibiting the quasi-

crystalline properties, as follows;

1

U3
‘

þ
2

U3
t

¼ ð�a,1�Þ
3=2 1þ �

3ð1� �Þ

� �3=2

þ 2
2ð1þ �Þ

3ð1� 2�Þ

� �3=2
" #

ð7Þ

and

�a,1 ¼ �T,1 �
T�2V

Cp

� �
ð8Þ

where � is the coefficient of linear expression, �T,1, the isothermal compressibility and

Cp the specific heat at constant pressure. On neglecting the second term of the above

equation, which is very small compared to first term, the equation takes the form:

�a,1 � �T,1 ð9Þ

which is a valid assumption used in the present calculation.
Poisson’s ratio can be obtained from the knowledge of the bulk modulus kT,1 and

the modulus of rigidity GT,1, which arise from the change in lattice spacing

corresponding to the solid-like character of the liquid. The Poisson’s ratio is given by

[25,26],

� ¼
3A� 2

6Aþ 2
ð10Þ

and

A ¼
kT,1
GT,1

¼
4

3

1

�

where � is the principal specific heat ratio and is laisely responsible for the maximum

accuracy in the values of the parameter A and hence the effective Debye temperature.
The pseudo-Grüneisen parameter has been defined in terms of sound velocity as

� ¼
U2�

Cp
and U2 ¼

1

�s�
ð11Þ
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and

� ¼
�T
�s

where �, Cp, � T, �s, � and � are the thermal expansion coefficient, specific heat ratio at

constant pressure, isothermal compressibility, adiabatic compressibility, specific heat

ratio and density respectively. One can write

� ¼
�T
�s

T�� 1

T�
ð12Þ

or

� ¼
1

T

1

�s�p
�

1

�

� �
ð13Þ

where �p is thermal pressure coefficient which is equal to

�p ¼
@P

@T

� �
v

¼
�

�T
ð14Þ

�p was evaluated by using Flory theory as;

P� ¼ �pT ~V2 ð15Þ

where P* is the characteristic pressure and ~V is the reduced volume.
The values of the reduced and characteristic parameters for both pure and binary

systems were calculated according to Flory theory.
For pure components

~V ¼
�T

3�Tþ 3
þ 1

� �3

ð16Þ

P� ¼
�

�T
T ~V2 ð17Þ

and for liquid mixtures

~V ¼
VmPj

i¼1 xiV
�
i

ð18Þ

where xi is the mole fraction, V�
i is the characteristic volume of the component i, Vm is

the molar volume of the liquid mixture and the characteristic pressure of the liquid

mixture can be expressed as

P� ¼
Xj
i¼1

�iP
�
i �

Xj
i

�i�jXij

 !" #
ð19Þ

Here  i and �i are the segment fraction and site fraction of the component i while Xij

is the interaction parameter. The segment fraction as per Flory theory has been
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calculated from the relation;

�j ¼ ð1��jÞ ¼
xj

xj þ ðxiv
�
i =v

�
j Þ

ð20Þ

and the site fraction is calculated from

�j ¼ ð1� �jÞ ¼
�j

�j þ�iðv
�
j =v

�
i Þ

1=3
: ð21Þ

The interaction parameter Xij has been evaluated following Berthelot’s approxima-
tion for mono-polar species and is expressed as

Xij ¼ P�
i 1� v�j =v

�
i

	 
1=6
P�
j =P

�
i

	 
1=2� �2
: ð22Þ

It has been pointed out by several workers that the excess thermodynamic functions
are sensitively dependent not only on the difference in intermolecular forces, but also on
the difference in size of the molecule [27]. Excess pseudo-Grüneisen parameter can be
defined by the equation,

�E ¼ �m � �idl ð23Þ

where �m and �idl are pseudo-Grüneisen parameters of Pb–Sn molten liquid mixture
and ideal pseudo-Grüneisen parameter of liquid mixture respectively. The latter �idl

say, can be defined as;

�idl ¼ x1�1 þ x2�2 ð24Þ

where x1 and x2 are the mole fractions and �1 and �2 are the pseudo-Grüneisen
parameters of Pb and Sn respectively.

3. Results and discussion

Values of molar volume (V ), collision factor (S ), space filling factor (rf), molecular
radius, actual volume (B), observed sound velocity (Uexp), theoretical sound velocity
deduced from collision factor theory (Utheo) and intermolecular free length (Lf) of pure
Pb and Sn are listed in table 1. The critical temperature (Tc), molar volume (Vm), molar
volume at absolute zero (V0), molar available volume (Va), surface area (y),
intermolecular free length (Lfm), collision factor (Sm), space filling factor (rfm),
molecular radius, actual volume (Bm), observed sound velocity (Uexp), theoretical
sound velocity (Utheo) and percentage deviation (�) of Pb–Sn molten binary mixture are
listed in tables 2 and 3, respectively.

Values of the thermal expansion coefficient (�) heat capacity (Cp), specific heat ratio
(�), pseudo-Grüneisen parameter (�), density (�), Poisson’s ratio (�) and effective
Debye temperature (�) of pure Pb and Sn are presented in table 4, whereas density (�),
Poisson’s ratio (�), effective Debye temperature (�), thermal expansion coefficient (�),
heat capacity (Cp), specific heat ratio (�), ideal pseudo-Grüneisen parameter (�idl),
pseudo-Grüneisen parameter (�m) and excess pseudo-Grüneisen parameter (�E) of the
Pb–Sn molten mixture are presented in table 5. In order to carry out our calculations,
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all the necessary data were taken from the literature [13,28]. A careful perusal of tables 2
and 3 reveals that the theoretical sound velocity for Pb–Sn molten binary system
compares well with the experimental results. The minimum and maximum percentage
error ranges from 0.01 to 2.03 and average percentage error is 1.02, which is very much
comparable to the experimental findings and clearly indicates the success of the theory.
Discrepancies have been attributed at some places at (700�C, 60% Pb), (600�C,
Pb 80%) and (400�C, Pb 60%) which is due to very few active centres and of similar
nature and structure of the molecules. These centres have strong range molecular forces
and thus interactions play a role. Temperature variation, the reliability of experimental
data and the empirical relation used may of course contribute to such discrepancies.

Effect of temperature and composition on intermolecular free length have been
studied. The available volume that measures the free energy of the system also provides
active sites increases gradually with the rise of temperature. A careful perusal of table 2
shows that the values of surface area per mole increases generally with the rise in
temperature. Small increment in the values of surface area confirms a weak molecular
interaction in the present system.

As evident from tables 4 and 5, the values of effective Debye temperature for all the
pure and molten binary systems decreases as the temperature increases. The Debye
temperature of the associated liquid [29] shows similar behaviour as observed in the
present calculation. These similarities regarding the magnitude of molten salts are
sufficient basis for the prediction of its values. At elevated temperatures, the values of
effective Debye temperature are more affected due to atomic motions in molten
mixtures. A perusal of table 5 reveals that the concentration dependence of the effective
Debye temperature in binary molten mixtures is affected by the size of the second
component. In all the systems under investigation, the values of � increase on decreasing
the mole concentration of the component having higher molecular weight. This
behaviour has been explained on the basis of the hole theory. This affects the
expansivity and compressibility of the systems.

Taking the vibrational frequency of a one-dimensional crystal into consideration,
Knopoff et al. [10] showed that d�/dT>0. The pseudo-Grüneisen parameter for Pb–Sn
molten mixture decreases in regular order, but the rate (d�/dT)/T is somewhat higher.
The change of pseudo-Grüneisen parameter corresponds to the relative change in the
molecular order. A close examination of table 5 reveals that the value of pseudo-
Grüneisen parameter increases at constant temperature as the composition of Pb is
increased in a regular manner. The general trend of the pseudo-Grüneisen parameter
with temperature variation [30] is decreasing. A significant observation can be made
regarding the intermolecular interactions by observing the values of the excess pseudo-
Grüneisen parameter. Higher values, say 0.40 and 0.36, can be seen at 700�C Pb 10%
and at 600�C Pb 60% respectively, which suggests strong interactions at these
temperatures.
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